preimage and image math definition

Understanding the Preimage and Image in
Mathematics

preimage and image math definition are fundamental concepts that unlock a deeper
understanding of functions and their behavior across different sets. When we talk about functions,
we're essentially describing a relationship where each element from one set (the domain) is mapped
to a corresponding element in another set (the codomain). The preimage and image are crucial tools
for analyzing this mapping, telling us about the "inputs" that lead to specific "outputs" and the
"outputs" that are actually produced by the function. This article will delve into the precise
mathematical definitions of these terms, explore their significance in various mathematical contexts,
and illustrate their practical applications with clear examples. By grasping these core ideas, you'll be
better equipped to navigate more complex mathematical landscapes.
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What is a Function? A Quick Refresher

Before diving into the specifics of preimages and images, it's essential to have a firm grasp on what a
function is. In mathematics, a function, often denoted by symbols like 'f', 'g", or 'h', is a rule that
assigns to each element in a set called the domain exactly one element in another set called the
codomain. Think of it like a vending machine: for every button you press (an element from the
domain), you get one specific item (an element from the codomain). It's important to remember that
not every element in the codomain has to be an output of the function, and no element in the domain
can map to more than one element in the codomain. This one-to-one correspondence for the domain
is the defining characteristic of a function.

The domain is the set of all possible "inputs" for the function. The codomain, on the other hand, is the
set of all potential "outputs." The set of actual outputs that a function produces from its domain is a
special subset of the codomain called the range. Understanding these components is vital because
the preimage and image are defined in relation to these sets and the mapping rule of the function
itself. They help us dissect the relationship between the input and output sets in a granular way,
revealing patterns and properties that might otherwise remain hidden.



The Image of a Function: Understanding the Output

The image of a function is, in essence, the set of all the actual "outputs" that the function produces
when you apply it to every element in its domain. If we consider our vending machine analogy, the
image would be the collection of all the different snacks and drinks that are actually available for
purchase from that particular machine. It's the subset of the codomain that is "hit" by the function's
mapping rule. When we talk about the image of a function, we are referring to the entire set of values
that the function can possibly yield.

Mathematically, if we have a function $f: A \to B$, where A is the domain and B is the codomain, the
image of the function $f$ is denoted as Im$(f)$ or $f(A)$. It is defined as the set of all elements $y \in
B$ such that there exists at least one element $x \in A$ for which $f(x) = y$. This means that every
element in the image is guaranteed to have at least one corresponding input from the domain. The
image is a fundamental concept because it tells us precisely what values the function can generate,
thereby defining its reach and scope within the codomain. It's a powerful way to characterize the
function's behavior.

Image of a Subset

Beyond the image of the entire domain, we can also consider the image of a specific subset of the
domain. This allows us to investigate what happens to a particular group of inputs. If we have a
subset $S \subseteq A$, the image of $S$ under the function $f$ is the set of all elements $y \in B$
such that $y = f(x)$ for some $x \in S$. This is often denoted as $f(S)$. It provides a focused view on
how a particular part of the domain is mapped into the codomain, which can be incredibly useful in
various analytical tasks.

For instance, if we are studying a function that describes the trajectory of a projectile, the domain
might represent time, and the codomain might represent position. The image of a specific time
interval would give us the path taken by the projectile during that interval. This concept is crucial for
understanding how functions transform sets and is widely used in areas like calculus, linear algebra,
and set theory to analyze transformations and mappings of various mathematical objects.

The Preimage of a Function: Tracing Back the Input

The preimage of a function, in contrast to the image, focuses on the "inputs" that lead to a specific
"output" or a set of outputs. If the image asks "What outputs does this input produce?", the preimage
asks "What inputs produce this output?". Imagine you've received a specific product from the vending
machine; the preimage would be all the buttons you could have pressed to get that particular item.
It's about tracing the path backward from the result to its origin within the domain.

Mathematically, if we have a function $f: A \to B$, and we consider an element $y \in B$ (or a subset

of B), the preimage of $y$ (or the subset) under $f$ is the set of all elements $x \in A$ such that $f(x)
= y$. This is often denoted as $f~ {-1}(y)$ when $y$ is a single element, or $f™~{-1}(Y)$ when $Y$ is

a subset of B. It's important to note that $f~{-1}$ here does not necessarily imply that $f$ is an



invertible function; it's simply a notation for the preimage operation. The preimage is invaluable for
understanding which specific inputs are responsible for generating certain outcomes.

Preimage of a Single Element

When we talk about the preimage of a single element $y$ in the codomain, we are looking for all the
elements in the domain that map exactly to $y$. If $f: A\to B$ and $y \in B$, the preimage of $y$ is
the set $\{x \in A \mid f(x) = y\}$. This set can be empty (if no element in A maps to $y$), contain a
single element (if $f$ is one-to-one and maps some $x$ to $y$), or contain multiple elements (if $f$ is
not one-to-one).

For example, consider the function $f(x) = x™2$ with domain and codomain as the set of real
numbers $\mathbb{R}$. If we want to find the preimage of 9, we are looking for all $x$ such that
$x"2 = 9%. The solutions are $x = 3% and $x = -3$. Therefore, the preimage of 9 is the set $\{-3,
3\}$. Understanding the preimage of single elements is fundamental to solving equations and
analyzing the structure of functions, especially when determining if a function is injective (one-to-
one).

Preimage of a Subset of the Codomain

Just as we can talk about the image of a subset of the domain, we can also talk about the preimage of
a subset of the codomain. This is a more general concept than the preimage of a single element and
is incredibly powerful. If $f: A \to B$ and $Y \subseteq B$, the preimage of $Y$ under $f$, denoted by
$f~{-1}(Y)$, is the set of all elements $x \in A$ such that $f(x) \in Y$. This means we are gathering all
the inputs that map into the specified subset of the codomain.

Consider again the function $f(x) = x™2$ from $\mathbb{R}$ to $\mathbb{R}$. Let $Y$ be the
interval $[0, 4]$. We want to find $f~{-1}(Y)$, which is the set of all $x$ such that $f(x) \in [0, 41$, or
$0 \le x™~2 \le 4$. This inequality holds for $x$ values between -2 and 2, inclusive. So, the preimage of
$[0, 41% is the interval $[-2, 2]$. This concept is widely used in fields like probability theory, where we
often consider the probability of an event occurring (an output falling into a certain range) by
examining the set of inputs that lead to that event.

Preimage vs. Image: Key Distinctions

The core difference between the preimage and image lies in their directionality and what they
represent. The image is about what happens after applying the function, focusing on the set of
reachable outputs in the codomain. The preimage, conversely, is about what happens before the
function is applied, focusing on the set of inputs in the domain that produce a specific output or set of
outputs.

Here's a summary of the key distinctions:



e Direction: The image moves from domain to codomain (outputs), while the preimage moves
from codomain back to domain (inputs).

e Scope: The image describes the range of the function (what it can produce), while the
preimage describes the antecedents of specific outputs.

¢ Notation: The image of a domain A is often written as $f(A)$ or Im$(f)$, while the preimage of
a codomain subset Y is written as $f~ {-1}(Y)$.

* Relationship to Invertibility: The image is always defined for any function. The preimage of a
single element $y$ might be a set with zero, one, or many elements. If the preimage of every
element in the codomain contains at most one element, the function is injective (one-to-one). If
the preimage of every element in the codomain contains exactly one element, then the function
is bijective (one-to-one and onto), and the notation $f~{-1}$ then refers to the inverse function.

Understanding these distinctions is crucial for correctly interpreting mathematical statements and
performing operations involving functions. They are two sides of the same coin, each offering a
unique perspective on the mapping defined by a function.

Examples lllustrating Preimage and Image

Let's solidify our understanding with a few concrete examples. These examples will showcase how to
calculate both the image and preimage in different scenarios.

Example 1: A Simple Quadratic Function

Consider the function $f: \mathbb{R} \to \mathbb{R}$ defined by $f(x) = x~2 + 1%.

e Image of the Domain: The domain is all real numbers. Since $x”2 \ge 0% for all real $x$, then
$x~2 + 1\ge 1$. Therefore, the image of the function $f$ is the set of all real numbers greater
than or equal to 1. This can be written as Im$(f) = [1, \infty)$.

* Preimage of a Single Element: Let's find the preimage of $y = 5$. We need to solve $f(x) =
5%, which means $x~2 + 1 = 5$. This simplifies to $x°2 = 4%, so $x = 2$ or $x = -2$. Thus,
the preimage of 5 is $f~{-1}(5) =\{-2, 2\}$.

* Preimage of a Subset: Let's find the preimage of the subset $Y = [2, 5]$ from the codomain.
We need to find all $x$ such that $f(x) \in [2, 5]$, meaning $2 \le x~2 + 1 \le 5$. Subtracting 1
from all parts gives $1 \le x~2 \le 4$. This inequality is satisfied for $x$ in the intervals $[-2,
-1]$ and $[1, 2]$. So, $f~{-1}([2, 5]) = [-2, -1] \cup [1, 2]$.



Example 2: A Function on Finite Sets

Let $A =\{a, b, c\}$ and $B =\{1, 2, 3, 4\}$. Consider the function $f: A \to B$ defined by $f(a) = 1%,
$f(b) = 3%, $f(c) = 1$.

* Image of the Domain: The elements in the codomain that are actually mapped to are 1 and 3.
So, the image of the function is Im$(f) = \{1, 3\}$.

e Preimage of a Single Element:

o The preimage of 1 is $f~{-1}(1) = \{a, c\}$ because both $f(a)$ and $f(c)$ are equal to
1.

o The preimage of 2 is $f~{-1}(2) = \emptyset$ (the empty set) because no element in A
maps to 2.

o The preimage of 3 is $f~{-1}(3) = \{b\}$ because only $f(b)$ equals 3.

o The preimage of 4 is $f~{-1}(4) = \emptyset$.

* Preimage of a Subset: Let's find the preimage of the subset $Y =\{1, 2\}$ from the
codomain. We need to find all elements in A that map to either 1 or 2. Since $f(a)=1$ and
$f(c)=1%, and no element maps to 2, the preimage is $f~{-1}(\{1, 2\}) = \{a, c\}$.

Significance and Applications of Preimage and Image

The concepts of preimage and image are far more than just abstract mathematical definitions; they
are fundamental tools that underpin many areas of mathematics and its applications. Their
significance lies in their ability to precisely describe the behavior and scope of functions.

In linear algebra, for instance, the image of a linear transformation is known as its range or column
space, which is crucial for understanding solutions to systems of linear equations. The preimage of a
vector plays a vital role in characterizing the null space (or kernel) of a linear transformation, which is
the set of all vectors that map to the zero vector.

In set theory, these concepts are used to analyze mappings between sets and to prove fundamental
theorems. In calculus, understanding the image of a function helps in determining its bounds and
behavior, while the preimage is essential for solving equations and inequalities involving the function.

Furthermore, in computer science, particularly in areas like database theory and formal verification,
functions and their properties, including preimages and images, are used to model relationships and
ensure data integrity. For example, when designing a database schema, understanding the image of a
relational mapping helps ensure that all possible valid states can be reached.



The preimage concept is also deeply connected to the idea of existence and uniqueness. If the
preimage of an element is empty, it means that element is not an output of the function. If the
preimage is a singleton set (contains exactly one element), it implies uniqueness of the input for that
output, a property fundamental to invertible functions.

Here are some key areas where preimage and image are extensively used:

e Solving Equations: Finding the preimage of a value is equivalent to solving an equation.

e Analyzing Function Properties: Determining if a function is injective, surjective, or bijective
relies heavily on the nature of its preimages and its image.

e Set Theory Proofs: Many proofs in set theory and abstract algebra utilize the properties of
images and preimages under function composition.

* Topology: In topology, continuity of a function is defined using preimages of open sets.

e Probability Theory: The probability of an event (an outcome in a subset of the sample space)
is often determined by finding the probability of the preimage of that subset in the domain of
random variables.

In essence, the preimage and image provide a powerful lens through which to examine the intricate
relationships that functions establish between different mathematical sets, offering both a way to
understand what a function does and how to trace its effects back to their origins.

Common Scenarios and Edge Cases

While the definitions of preimage and image are straightforward, there are certain scenarios and edge
cases that are important to consider for a complete understanding. These often arise when dealing
with specific types of functions or sets.

One common scenario involves functions that are not injective (one-to-one). In such cases, a single
element in the codomain can have a preimage consisting of multiple elements from the domain. For
example, the function $f(x) = x~2$ maps both 2 and -2 to 4. So, $f~{-1}(4) = \{-2, 2\}$. This means
the function "collapses" multiple inputs into a single output, and the preimage reflects this
compression of information.

Conversely, functions that are not surjective (onto) will have elements in their codomain for which the
preimage is empty. For instance, if $f: \mathbb{R} \to \mathbb{R}$ is defined by $f(x) = e”~x$, the
codomain is all real numbers, but the image is $(0, \infty)$. For any $y \le 0%, the preimage
$f~{-1}(y)$ is the empty set, $\emptyset$, because the exponential function never produces non-
positive values.

Another edge case relates to the domain and codomain themselves. If the domain or codomain is the
empty set, special considerations apply. A function from the empty set to a non-empty set is uniquely



defined (it's the empty function), and its image is empty. A function from a non-empty set to the
empty set is impossible, as there are no elements in the codomain to map to.

When dealing with infinite sets, the cardinality of the image and preimages can become a significant
topic of study, particularly in advanced set theory and topology. For example, understanding whether
the image of an infinite set under a continuous function is also infinite, or if it has the same "size" as
the original set, is crucial.

Finally, the notation $f~{-1}(Y)$ for the preimage of a set $Y$ should not be confused with the
reciprocal of the image of $Y$, $(f(Y))~{-1}$, especially when dealing with numbers. The preimage
operation is a fundamental aspect of analyzing functions and understanding the relationships
between their input and output spaces.












Q: What is the main difference between the image and the
preimage of a function?

A: The main difference lies in their direction. The image of a function represents the set of all possible
outputs produced by the function when applied to its domain. The preimage, on the other hand,
represents the set of all inputs from the domain that map to a specific output or a subset of outputs in
the codomain.

Q: Can the image of a function be larger than its codomain?

A: No, the image of a function is always a subset of its codomain. The codomain represents all
potential outputs, while the image represents only the outputs that are actually produced by the
function.

Q: Is it possible for the preimage of an element in the
codomain to be an empty set?

A: Yes, it is possible. If no element in the domain maps to a particular element in the codomain, then
the preimage of that element is the empty set. This occurs when the function is not surjective (onto).

Q: How does the concept of preimage relate to solving
equations?

A: Finding the preimage of a specific value in the codomain is equivalent to solving an equation where
the function is set equal to that value. For example, finding the preimage of $y=5$ for the function
$f(x)=x"2$ means solving $x"2=5%.

Q: What is the "range" of a function, and how does it relate to
the image?

A: The range of a function is precisely the same as the image of the function's domain. It is the set of
all actual output values the function produces.

Q: Does the notation $f~ {-1}(Y)$ for a preimage always imply
that the function $f$ is invertible?

A: No, the notation $f~{-1}(Y)$ for a preimage does not imply that the function $f$ is invertible. It
simply denotes the set of elements in the domain that map into the set $Y$ in the codomain. For $f$
to be invertible, the preimage of every element in the codomain must be a singleton set (contain
exactly one element), and the function must also be surjective.



Q: Can a function have multiple preimages for a single
output?

A: Yes, a function can have multiple preimages for a single output if it is not injective (one-to-one).
This means that more than one input value from the domain can map to the same output value in the
codomain.

Q: How is the image of a subset of the domain defined?

A: The image of a subset $S$ of the domain is the set of all outputs in the codomain that are
produced when the function is applied to each element within that subset $S$. It is denoted as $f(S)$.
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