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Secondary Math 3 Module 5: Mastering Rational Functions and Their Applications

Secondary math 3 module 5 introduces students to a crucial and often challenging area of algebra:
rational functions. This module delves deep into understanding the structure, behavior, and real-world
applications of these complex mathematical expressions. We’ll explore how rational functions, defined
as ratios of polynomials, exhibit unique graphical features like asymptotes and holes, and how to
accurately analyze and interpret them. Beyond the theoretical, this module is designed to equip you
with the practical skills to solve problems involving rational equations and inequalities, preparing you
for advanced mathematical concepts and diverse STEM fields. Get ready to unravel the intricacies of
these functions and unlock their powerful problem-solving capabilities.
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Understanding Rational Functions

At its core, a rational function is simply a fraction where both the numerator and the denominator are
polynomials. Think of it like a fraction with variables and exponents instead of just numbers.
Mathematically, we express a rational function as $f(x) = \frac{P(x)}{Q(x)}$, where $P(x)$ and
$Q(x)$ are polynomials, and importantly, $Q(x)$ cannot be the zero polynomial. This fundamental
structure gives rise to many of the interesting properties that we'll explore throughout Secondary
Math 3 Module 5. Understanding this basic definition is the first step to unlocking the behaviors of
these functions.

The domain of a rational function is a critical concept. Since division by zero is undefined, the domain
of $f(x) = \frac{P(x)}{Q(x)}$ consists of all real numbers except for the values of $x$ that make the
denominator, $Q(x)$, equal to zero. Identifying these excluded values is essential for accurately
graphing and analyzing rational functions, as they often indicate the presence of vertical asymptotes
or holes in the graph. We'll learn systematic ways to find these excluded values for various
polynomial denominators.

The degree of the polynomials in the numerator and denominator plays a significant role in
determining the end behavior of a rational function. Comparing the degrees helps us understand what
happens to the function's output ($y$-values) as the input ($x$-values) become very large in the
positive or negative direction. This comparison is key to identifying horizontal or slant asymptotes,
which are lines that the graph of the rational function approaches but may never touch. We'll
categorize these behaviors based on the relative degrees of the numerator and denominator
polynomials.



Key Features of Rational Graphs

One of the most distinctive features of rational function graphs is the presence of asymptotes. These
are invisible lines that the graph seems to get closer and closer to as it extends infinitely. There are
primarily two types we'll focus on: vertical asymptotes and horizontal asymptotes.

Vertical Asymptotes

Vertical asymptotes occur at the values of $x$ where the denominator of the rational function is zero,
and the numerator is non-zero. These lines represent a boundary where the function's value
approaches positive or negative infinity. For example, in the function $f(x) = \frac{1}{x-2}$, the
denominator is zero when $x=2$. This means there's a vertical asymptote at $x=2$. As $x$
approaches 2 from the right, $f(x)$ goes to positive infinity, and as $x$ approaches 2 from the left,
$f(x)$ goes to negative infinity. It's like a wall that the graph cannot cross.

Horizontal Asymptotes

Horizontal asymptotes describe the behavior of the function as $x$ approaches positive or negative
infinity. They indicate the value that the function's output ($y$-value) is tending towards. There are
three main cases to consider when determining horizontal asymptotes:

If the degree of the numerator is less than the degree of the denominator, the horizontal
asymptote is the line $y=0$ (the x-axis).

If the degree of the numerator is equal to the degree of the denominator, the horizontal
asymptote is the line $y = \frac{a}{b}$, where $a$ is the leading coefficient of the numerator
and $b$ is the leading coefficient of the denominator.

If the degree of the numerator is greater than the degree of the denominator, there is no
horizontal asymptote. Instead, there might be a slant (or oblique) asymptote, which we'll also
cover.

Holes in the Graph

Sometimes, a factor in the denominator also appears in the numerator. When a factor cancels out, it
doesn't completely remove the discontinuity; instead, it creates a "hole" in the graph at that specific
$x$-value. To find the coordinates of the hole, we first simplify the rational function by canceling the
common factor. Then, we plug the value of $x$ that made the canceled factor zero into the simplified
function to find the $y$-coordinate of the hole. These holes are essentially removable discontinuities.



Slant (Oblique) Asymptotes

When the degree of the numerator is exactly one greater than the degree of the denominator, the
graph of the rational function will have a slant asymptote. This asymptote is a straight line with a non-
zero slope. To find the equation of the slant asymptote, we perform polynomial long division of the
numerator by the denominator. The quotient of this division, ignoring the remainder, gives us the
equation of the slant asymptote. The graph of the rational function will approach this line as $x$ goes
to positive or negative infinity.

Solving Rational Equations

Solving rational equations involves finding the values of the variable that make the equation true. The
most common strategy is to eliminate the denominators by multiplying both sides of the equation by
the least common denominator (LCD) of all the fractions involved. This transforms the rational
equation into a simpler polynomial equation that we can solve using standard algebraic techniques.

After clearing the denominators, we will often end up with a linear or quadratic equation. Solving
these equations involves techniques like factoring, using the quadratic formula, or isolating the
variable. It’s crucial to remember that when we multiply by an expression involving the variable, we
might introduce extraneous solutions. Therefore, it is absolutely vital to check every potential solution
by substituting it back into the original rational equation. Any solution that makes a denominator zero
in the original equation must be discarded as extraneous.

Let's outline the general steps for solving rational equations:

Find the LCD of all denominators in the equation.1.

Multiply every term on both sides of the equation by the LCD.2.

Simplify the equation by canceling common factors in the denominators.3.

Solve the resulting polynomial equation (linear, quadratic, etc.).4.

Check each solution in the original equation to ensure it does not make any denominator equal5.
to zero. Discard any extraneous solutions.

Solving Rational Inequalities

Working with rational inequalities requires a slightly different approach than rational equations
because we're dealing with greater than or less than relationships, not just equality. The primary goal
is to determine the intervals of $x$ values for which the inequality holds true. The critical values for
solving rational inequalities are the values of $x$ that make the numerator zero (where the



expression might equal zero) and the values of $x$ that make the denominator zero (where the
expression is undefined). These critical values divide the number line into distinct intervals.

Once we have identified our critical values, we need to test a value from each interval in the original
inequality to see if it satisfies the condition. We choose a test value within each interval and
substitute it into the inequality. If the inequality is true for the test value, then all values in that
interval are part of the solution set. If it's false, then that interval is not part of the solution. This
systematic testing ensures we capture all possible solution sets.

Here’s a breakdown of the process for solving rational inequalities:

Rewrite the inequality so that one side is zero.

Find the values of $x$ that make the numerator zero and the values of $x$ that make the
denominator zero. These are your critical values.

Plot these critical values on a number line, using open circles for values that make the
denominator zero (since the function is undefined there) and possibly closed circles for values
that make the numerator zero (if the inequality includes "equal to").

Test a value from each interval created by the critical values in the original inequality.

Write the solution set in interval notation, including only the intervals where the inequality is
satisfied.

Real-World Applications of Rational Functions

Rational functions might seem abstract, but they are incredibly useful for modeling a wide array of
real-world phenomena. In science and engineering, they often appear in formulas describing rates,
densities, and proportions. For instance, in physics, the relationship between distance, rate, and time
($rate = \frac{distance}{time}$) can be expressed using rational functions, especially when
considering scenarios with changing rates or average speeds over different segments of a journey.

One common application is in cost analysis. Imagine a company that wants to produce a certain
number of items. The cost per item often decreases as the number of items produced increases, up to
a certain point. This relationship can be modeled by a rational function, where the total cost is a
polynomial (e.g., fixed costs plus variable costs) and the number of items is the variable in the
denominator. Analyzing these functions can help businesses understand economies of scale and
optimize production levels.

Another practical area is in mixture problems. When you combine two substances with different
concentrations, the concentration of the final mixture can be represented by a rational function. For
example, if you mix $x$ liters of a 20% salt solution with $y$ liters of a 50% salt solution, the
concentration of the resulting mixture will be a ratio of the total amount of salt to the total volume,
which is a rational expression. This concept is vital in fields like chemistry and pharmacy.



Furthermore, rational functions are employed in modeling population dynamics, electrical circuits, and
even in the design of projectile trajectories where air resistance is a factor. The ability to analyze their
asymptotes and behavior allows us to predict long-term trends, identify limiting factors, and
understand critical thresholds in these complex systems. Secondary Math 3 Module 5 empowers you
to not just solve these problems but to interpret their meaning in practical contexts.

FAQ

Q: What is the fundamental difference between a rational
equation and a rational inequality?
A: A rational equation uses an equals sign (=) to state that two expressions are equivalent, meaning
we are looking for specific values of the variable that make both sides equal. A rational inequality
uses inequality symbols (<, >, ≤, ≥) to compare two expressions, meaning we are looking for a range
of values for the variable that satisfy the comparison.

Q: Why is it important to check for extraneous solutions when
solving rational equations?
A: When solving rational equations, we often multiply both sides by an expression that contains the
variable. This process can sometimes introduce solutions that do not satisfy the original equation,
particularly if they make a denominator zero in the original equation. These are called extraneous
solutions, and checking them by substituting back into the original equation is crucial for finding the
correct solution set.

Q: What are the different types of asymptotes for rational
functions?
A: The primary types of asymptotes for rational functions are vertical asymptotes, which occur where
the denominator is zero and the numerator is non-zero, and horizontal or slant (oblique) asymptotes,
which describe the end behavior of the function as x approaches positive or negative infinity.

Q: How do holes in a rational function graph differ from
vertical asymptotes?
A: A hole occurs when a factor in the denominator cancels out with a factor in the numerator. It
represents a single point of discontinuity that can be "removed." A vertical asymptote, on the other
hand, occurs when a factor in the denominator does not cancel out, and the function's value
approaches infinity as x approaches that value, indicating an infinite discontinuity.



Q: Can a rational function have both a horizontal and a slant
asymptote?
A: No, a rational function cannot have both a horizontal and a slant asymptote. A horizontal
asymptote exists when the degree of the numerator is less than or equal to the degree of the
denominator. A slant asymptote exists only when the degree of the numerator is exactly one greater
than the degree of the denominator. These are mutually exclusive conditions.

Q: What is the role of the least common denominator (LCD) in
solving rational equations?
A: The LCD is used to clear all denominators from a rational equation. By multiplying both sides of the
equation by the LCD, we transform the rational equation into a simpler polynomial equation, which is
generally easier to solve.

Q: How do you determine the intervals for testing when
solving a rational inequality?
A: To determine the intervals for testing in a rational inequality, you first find the critical values by
setting the numerator equal to zero and the denominator equal to zero. These critical values are then
plotted on a number line, and they divide the number line into distinct intervals. A test value from
each interval is then substituted into the original inequality to check if the inequality holds true for
that interval.
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