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The Complete Guide to Tessellation in Math

Tessellation in math, a concept that transforms flat surfaces into intricate patterns, is more than
just aesthetically pleasing; it's a fundamental geometric principle with profound applications. This
article delves deep into the world of tessellations, exploring their definition, the types of shapes that
can tessellate, and the mathematical rules governing their creation. We will uncover how regular
polygons can form perfect tessellations, examine the complexities introduced by semi-regular
tessellations, and venture into the captivating realm of irregular tessellations. Furthermore, we'll
touch upon the real-world occurrences and artistic inspirations drawn from these repeating geometric
arrangements, offering a comprehensive understanding of this fascinating mathematical subject.
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What is a Tessellation in Mathematics?

At its core, a tessellation, also known as a tiling, is a pattern created by arranging geometric shapes
or figures so that they fit together perfectly without any gaps or overlaps. Think of it like a jigsaw
puzzle, but with repeating pieces that cover a surface entirely. This fundamental concept in geometry
involves the covering of a plane using one or more geometric shapes, called tiles, with no overlaps
and no gaps. The beauty of tessellations lies in their simplicity and their complexity, allowing for an
infinite variety of patterns to be generated from basic geometric building blocks.

The mathematical significance of tessellations stems from their relationship with symmetry and group
theory, but for many, it's the visual harmony that first captures attention. Whether it's the hexagonal
tiles of a honeycomb, the intricate floors of ancient Roman buildings, or the mind-bending artworks of
M.C. Escher, tessellations are all around us. Understanding tessellations helps us appreciate the
underlying mathematical order in the visual world and provides a powerful tool for solving problems in
areas ranging from computer graphics to crystallography.



Understanding the Rules of Tessellation

For a set of shapes to form a valid tessellation, a crucial rule must be followed at every vertex where
the shapes meet. The sum of the interior angles of the polygons that converge at any single point
must add up to exactly 360 degrees. This is the golden rule that ensures no gaps are left and no
shapes overlap. Imagine standing at a point where several shapes come together; if you were to
measure the angles of each shape meeting at that point and add them up, they must precisely equal
a full circle.

This 360-degree rule is not arbitrary; it's a direct consequence of working on a two-dimensional plane.
If the angles sum to less than 360 degrees, there will be an unfillable gap. Conversely, if they sum to
more than 360 degrees, the shapes would have to bend or overlap, which is not allowed in a standard
tessellation. This simple yet powerful constraint dictates which shapes can tessellate and how they
can be arranged.

Types of Tessellations

Tessellations are broadly categorized based on the types of shapes used and how they are arranged.
The classification helps mathematicians and artists alike understand the underlying geometric
properties and potential for variation within these repeating patterns. Each type offers unique visual
characteristics and mathematical challenges.

Regular Tessellations

Regular tessellations are the simplest form, consisting of only one type of regular polygon. A regular
polygon is a polygon with all sides equal in length and all interior angles equal. For a regular
tessellation, the polygon must be equilateral and equiangular. The most famous examples use
equilateral triangles, squares, and regular hexagons. These shapes fit together perfectly, creating
patterns of remarkable simplicity and symmetry.

The constraint of using only one type of regular polygon severely limits the possibilities. As we'll
explore, only three regular polygons can form a true tessellation. This limitation, however, also
highlights the elegance and efficiency of these specific geometric forms when covering a plane. The
inherent symmetry of regular polygons translates into highly structured and predictable patterns.

Semi-Regular Tessellations

Semi-regular tessellations, also known as Archimedean tessellations, are formed using two or more
different types of regular polygons. The key here is that the arrangement of polygons must be
identical at every vertex. This means that while you can use different shapes, they must appear in the
same order and orientation around each meeting point. This introduces more complexity and visual
interest compared to regular tessellations.



There are exactly eight distinct semi-regular tessellations. These patterns often exhibit a higher
degree of rotational symmetry and can create more dynamic visual effects. The challenge in creating
a semi-regular tessellation lies in finding combinations of regular polygons whose interior angles sum
to 360 degrees at each vertex, while maintaining identical vertex configurations.

Irregular Tessellations

Irregular tessellations, as the name suggests, are formed using irregular polygons, or a mix of regular
and irregular polygons. In these patterns, the shapes do not necessarily have equal sides or equal
angles. This opens up an almost infinite number of possibilities for creating tessellations. Many
everyday tiling patterns, like those found in bathrooms or kitchens, are examples of irregular
tessellations, often using squares, rectangles, or other custom-shaped tiles.

The mathematical rules regarding the 360-degree sum at the vertices still apply, but the flexibility of
irregular shapes means that a much wider array of configurations is possible. This category also
encompasses more complex patterns, such as those found in nature, where organic shapes might
approximate tessellations. The study of irregular tessellations often blurs the lines between pure
geometry and applied design.

Shapes That Can Tessellate

The ability of a shape to tessellate is directly tied to its internal angles and how they can combine to
form 360 degrees at a vertex. Not all shapes are created equal when it comes to tiling a plane.
Understanding which shapes work and why is a cornerstone of learning about tessellations.

Polygons and Tessellations

In geometry, a polygon is a closed shape made up of straight line segments. Polygons are the building
blocks of most tessellations, particularly those studied in mathematics. The number of sides and the
measure of the interior angles of a polygon are the primary determinants of whether it can tessellate,
either by itself or in combination with other polygons.

The formula for the measure of each interior angle of a regular n-sided polygon is given by (n-2) 180 /
n. This formula is critical for determining which regular polygons can form regular tessellations. For
example, the interior angle of a square is 90 degrees, and 4 squares meeting at a point (4 90 = 360)
perfectly tessellate. An equilateral triangle has interior angles of 60 degrees, and 6 triangles meeting
at a point (6 60 = 360) also tessellate.

Triangles in Tessellations

All triangles, regardless of their shape (equilateral, isosceles, or scalene), can tessellate a plane. The



reason is that the sum of the interior angles of any triangle is always 180 degrees. If you take any
triangle, you can rotate it 180 degrees and place it adjacent to another identical triangle, forming a
parallelogram. This parallelogram can then be rotated again, and repeating this process allows any
triangle to tile the plane without gaps or overlaps.

This property makes triangles incredibly versatile for tessellation. While equilateral triangles can form
a regular tessellation, other types of triangles can form more complex, irregular tessellations. The
ability of any triangle to tessellate underscores the fundamental nature of angle sums in geometry.

Quadrilaterals and Tessellations

Quadrilaterals, shapes with four sides, also exhibit interesting tessellation properties. Squares, being
regular quadrilaterals, tessellate perfectly on their own. Other quadrilaterals, such as rectangles and
parallelograms, can also tessellate. For any convex quadrilateral, if you take copies of it and rotate
them by 180 degrees around the midpoints of their sides, they will fit together to form a tessellation.

This means that any quadrilateral can tessellate the plane. However, the resulting patterns might be
irregular. The key is that the opposite angles of a quadrilateral are equal when it's rotated 180
degrees, allowing for a perfect fit. This makes quadrilaterals, especially those with specific angle
properties, very useful in practical tiling.

Hexagons in Tessellations

Regular hexagons are particularly well-known for their tessellating abilities, famously seen in
honeycombs. Each interior angle of a regular hexagon is 120 degrees. When three regular hexagons
meet at a vertex, their angles sum up to 3 120 = 360 degrees, allowing them to form a regular
tessellation. This arrangement is remarkably efficient for packing and strength.

The hexagonal tessellation is the only semi-regular tessellation that uses only one type of polygon
that isn't a triangle or a square. Its prevalence in nature highlights its geometric efficiency. Beyond
regular hexagons, other types of hexagons can also tessellate, although they might result in more
complex patterns.

Other Shapes in Tessellations

While triangles, quadrilaterals, and hexagons are common, other polygons can also participate in
tessellations, particularly in semi-regular and irregular forms. For instance, regular pentagons cannot
tessellate on their own because their interior angles are 108 degrees, and 3 108 = 324 degrees,
leaving a gap, while 4 108 = 432 degrees, which is too much. However, pentagons can be part of
semi-regular tessellations when combined with other polygons.

Similarly, regular heptagons (7 sides) and beyond have interior angles greater than 108 degrees,
making them impossible to tessellate by themselves. The mathematical limit for regular polygons is



that only triangles, squares, and hexagons can form regular tessellations. However, with irregular
shapes or combinations, many more possibilities emerge.

Mathematical Properties of Tessellations

Tessellations are rich with mathematical properties that extend beyond simple pattern recognition.
They are deeply connected to concepts of symmetry, group theory, and topology. The study of
tessellations provides a visual gateway into abstract mathematical ideas, making them both an
academic and an artistic pursuit.

One of the key mathematical properties is the classification of symmetries. Tessellations can exhibit
translational symmetry (repeating in a direction), rotational symmetry (repeating around a point), and
reflectional symmetry (mirror images). The specific symmetries present in a tessellation can be
described using group theory, leading to fundamental classifications like the 17 wallpaper groups,
which categorize all possible 2D repeating patterns.

Furthermore, tessellations can be analyzed in terms of their connectivity and the types of vertices.
The number of edges, vertices, and faces in a tessellation are related by Euler's formula for planar
graphs (V - E + F = 2, in its adapted form for tessellations). This mathematical framework allows for a
rigorous analysis of the structure and properties of any given tiling.

Tessellations in the Real World

Tessellations aren't confined to textbooks and art studios; they are remarkably prevalent in the
natural world and human-made structures. The efficiency and stability offered by tessellating patterns
make them ideal solutions for various challenges.

Honeycomb structures: The hexagonal cells of a honeycomb are a perfect example of a natural
tessellation, offering maximum storage space with minimal material.

Fish scales: The overlapping scales of many fish form a natural tessellation, providing protection
and streamlining.

Dinosaur skin or reptile scales: Similar to fish, these often exhibit tessellating patterns for
protection.

Butterfly wings: Some butterfly wings feature intricate patterns composed of tiny, tessellating
scales.

Certain plant structures: The arrangement of leaves or seeds in some plants can mimic
tessellating patterns for optimal light exposure or packing.

Pavement and flooring: From ancient Roman mosaics to modern-day tiles, tessellations are
extensively used for decorative and functional purposes in architecture and construction.



Window panes: The arrangement of glass panes in some historical windows forms a tessellation.

Crystallography: The atomic structure of crystals often involves repeating patterns that can be
described as three-dimensional tessellations.

The ubiquity of tessellations in nature often arises from evolutionary pressures favoring efficiency,
strength, and space optimization. In human design, they are chosen for their aesthetic appeal,
structural integrity, and the ability to cover surfaces seamlessly.

Tessellations in Art and Design

Throughout history, artists and designers have been captivated by the visual appeal and
mathematical elegance of tessellations. From ancient civilizations to contemporary artists, these
repeating patterns have served as a powerful creative tool.

One of the most famous contemporary artists to explore tessellations is M.C. Escher. His meticulously
crafted woodcuts and lithographs often feature interlocking figures that transform seamlessly into one
another, creating surreal and thought-provoking imagery. Escher’s work brilliantly showcases how
geometric principles can be used to create illusions and explore themes of infinity and
metamorphosis. His tessellations often involve realistic figures like birds, reptiles, or humans, which
are impossible in regular tessellations, pushing the boundaries of what was thought possible.

Beyond Escher, tessellations are fundamental to Islamic art, particularly in the intricate geometric
patterns found in mosques and decorative arts. These patterns, often based on stars and polygons,
are not merely decorative but are imbued with symbolic and spiritual meaning. In graphic design and
architecture, tessellations are used to create visually engaging textures, wallpapers, and facade
designs, demonstrating their enduring appeal across diverse creative fields.

The study of tessellations is a journey that beautifully blends the abstract world of mathematics with
the tangible beauty of the world around us. Whether we're marveling at a bee's honeycomb, admiring
a mosaic floor, or contemplating an Escher print, tessellations remind us of the underlying order and
intricate patterns that shape our reality. They are a testament to the power of simple rules to create
infinite complexity and enduring visual harmony.

FAQ

Q: What is the main rule for a tessellation to be possible?
A: The primary rule for a tessellation to be possible is that the sum of the interior angles of the
polygons meeting at any single vertex must equal exactly 360 degrees. This ensures that the shapes
fit together perfectly without any gaps or overlaps on a flat surface.



Q: Can any triangle tessellate a plane?
A: Yes, any triangle, regardless of its shape (equilateral, isosceles, or scalene), can tessellate a plane.
This is because the sum of the interior angles of any triangle is always 180 degrees, and by rotating
copies of the triangle, they can be arranged to cover a surface without gaps or overlaps.

Q: Which regular polygons can form a regular tessellation?
A: Only three regular polygons can form a regular tessellation: the equilateral triangle (interior angle
of 60 degrees), the square (interior angle of 90 degrees), and the regular hexagon (interior angle of
120 degrees). These are the only regular polygons whose interior angles divide evenly into 360
degrees.

Q: What is the difference between a regular and a semi-
regular tessellation?
A: A regular tessellation is made up of only one type of regular polygon. A semi-regular tessellation,
on the other hand, is made up of two or more different types of regular polygons, but the
arrangement of these polygons must be identical at every vertex.

Q: Why can't regular pentagons tessellate a plane on their
own?
A: Regular pentagons have interior angles of 108 degrees. If you try to arrange them, three
pentagons meeting at a vertex would sum to 324 degrees (3 108), leaving a gap, and four pentagons
would sum to 432 degrees (4 108), which is more than 360 degrees, causing overlaps. Therefore, they
cannot form a regular tessellation.

Q: What are some examples of tessellations found in nature?
A: Common examples of tessellations in nature include the hexagonal cells of a honeycomb, the
overlapping scales of fish, and the patterns found on some reptile skins and butterfly wings. These
patterns often arise due to efficiency in structure or space.

Q: How did M.C. Escher use tessellations in his art?
A: M.C. Escher was famous for his intricate woodcuts and lithographs that featured interlocking
figures, often creating surreal and paradoxical scenes. He explored tessellations by transforming
geometric shapes or realistic figures into one another, demonstrating the infinite possibilities within
geometric patterns and challenging conventional perceptions of space and form.

Q: What is a vertex in the context of tessellations?
A: In the context of tessellations, a vertex is a point where three or more tiles meet. The sum of the
interior angles of the tiles at each vertex is a critical factor in determining whether a tessellation is



possible and what type it is.
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